MATHEMATICS

Chapter 8: BINOMIAL THEOREM
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Key Concepts

1. A binomial expression is an algebraic expression having two terms. Examples: (a+b),
(a - b) etc.

2. The expansion of a binomial for any positive integral n is given by Binomial Theorem.
Thebinomial theorem says that
(X + y)n =x"+ nClxn-ly_l_nszn-ZYZ_|______|_nCr Xn—ryr+ _____ +ncn_1xyn—1 + ncnyn
n

In summation, notation (x +y)" = Z"Ck X"y,
k=0

(i) In the binomial expansion of (x +y)", the number of terms is (n+1), i.e. one more than
the exponent.

(i) The exponent of x goes on decreasing by unity and y increases by unity. Exponent of x

is n inthe first term, (n — 1) in the second term etc. ending with zero in the last term.

(i) The sum of the indices of x and y is always equal to the index of the expression.

4. The coefficient "C,, which is the number of combinations of n objects taken r at a time,
occurring inthe binomial theorem are known as binomial coefficients.

5. Binomial coefficients when arranged in the form given below is known as Pascal’s

Triangle.
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6. The array of numbers arranged in the form of triangle with 1 at the top vertex and
running down thetwo slanting sides is known as Pascal’s triangle, named after the French
mathematician called Blaise Pascal. It is also known as Meru Prastara by Pingla.
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7. Pascal’s triangle is a special triangle of numbers. It has an infinite number of rows.
Pascal’striangle is a storehouse of patterns.

8. In order to construct the elements of the following rows, add the number directly above
and to the left with the number directly above and to the right to find a new value. If
either number to the rightor left is not present, then substitute a zero in its place.

9. Using binomial theorem for non-negative index
(x-y)" =[x+ (=y)I"

(x-yr="Cx" -"Cx"y+"C X"y -"Cx"’y’ +..+(-1)""Cy".

n

In summation notation (x — y)" = Z:(—l)k nCkx"'kyk

k=0

10. Binomial theorem can be used to expand the trinomial by applying the binomial
expansion twice.

11. The general term in the expansion of (x + y)" is T« ="Ck X" K yX.

12. General term in the expansion of (x=y)" is Tke1 = "Ci (=1)*x"*yk.
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13. Ifnis odd , then {(x +y) +(x - y)"} and {(x +y) - (x- y)"} both have the same number of

n+1
terms equal to

whereas if n is even, then {(x + y)n +(x - y)"} has {g + ljterms and
n n n
{(x +y) —(x-y) }has (E]terms.
14.1f n is even, there is only one middle term in the expansion of (x + y)" and will be the
th
(E + 1) term.
2
15.1f nis odd, then there are two middle terms in the expansion of (x + y)" and they are
n+1 th n+3 th
(5) and (%) term.

. 1\th : _(2n+1+1\T h
16. In the expansion (x + ;) , where x # 0, the middle term is ( . ) Ji.e. (n+1)"term

as 2n is even.

17. In the binomial expansion of (x + y)', the k™ term from the end is
(N+1)-k+1)=(n-k+2)"term from the beginning.

18. Coefficient of (k+1)™ term in the binomial expansion of (1 + x)" is "Cx.
19. Coefficient of x* term in the binomial expansion of (1 + x)" is "Cx.

20. Coefficient of x* term in the binomial expansion of (1 - x)"is (-1)* "Cx.

21. Coefficient of (k+1)" term in the binomial expansion of (1 - x)"is (-1) "Cx.
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Some Important conclusions

1. 1+x) = Zn:“Cix‘

i=0

This is the expansion of (1 + x)n in ascending powers of x.

2. (1+x)' = Zr: .

i=0

This is the expansion of (1+x)" in descending powers of x.

3. (1-x) =3 (-1) "Cx
i=0
4. (x+y) +(x-y) =2["CX"Y° +" Cx"%y? +" Cx iyt +... ]
and
(x+y) = (x-y) =2["Cx"y! +" Cx"y® 4" Cx"By® + ... ]

5. LetS ,, and S
(x+y)",then

denote the sums of odd terms and even terms in the expansion of

even

1. (X+Y) =S,y + Seen @and (x-y) =S, -S

even

2. (xz - y2 )" = (Sodd)2 - (Seven)
3. 45,4 Seen = (X -¥)" - (n-Yy)"
4. (x+y)" + (X =YY" = 2[(Seaa)” + (Seven)’ |

2
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Important Questions

Multiple Choice questions-

Question 1. The number (101)%° - 1 is divisible by

(a) 100

(b) 1000

(c) 10000

(d) All the above

Question 2. The value of -1°is

(a)1

(b) -1

(c)O

(d) None of these

Question 3. If the fourth term in the expansion (ax + 1/x)" is 5/2, then the value of x is
(a) 4

(b) 6

(c) 8

(d) 5

Question 4. The number 111111 .............. 1 (91 times) is

(a) not an odd number

(b) none of these

(c) not a prime

(d) an even number

Question 5. In the expansion of (a + b)", if n is even then the middle term is
(a) (n/2 + 1) term

(b) (n/2)" term

(c) n™" term

(d) (n/2 =1)"term

Question 6. The number of terms in the expansion (2x + 3y —4z)" is
(a)n+1

(b)n+3
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(c){(n+1)x(n+2)}/2
(d) None of these

Question 7. If A and B are the coefficient of x" in the expansion (1 + x)?" and (1 + x)"!
respectively, then A/B equals

(a)1

(b) 2

(c) 1/2

(d) 1/n

Question 8. The coefficient of y in the expansion of (y? + c/y)° is
(a) 29c

(b) 10c

(c) 10c®

(d) 20c?

Question 9. The coefficient of x* in (3/2 —3/x?)%is

(a) 405/226

(b) 504/289

(c) 450/263

(d) None of these

Question 10. If n is a positive integer, then 9! — 8n — 9 is divisible by
(a) 8

(b) 16

(c) 32

(d) 64

Very Short:

1. What is The middle term in the expansion of (1 + x)2"*!

2. When is n a positive integer, the no. of terms in the expansion (x + a)" of is
3. Write the general term (x? - y)®

4. In the expansion of (x + i)6, find the 3™ term from the end.

5. Expand (1 +x)"

6. The middle term in the expansion of (1 + x)?" is.
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7. Find the no. of terms in the expansions of (1 — 2x + x?)’

8. Find the coeff of x> in (x + 3)°

9. Find the term independent of x (x + i)lo
10. Expand (a + b)"

Short Questions:

1. Which is larger (1.01)0:00009 5 10,000.

2. Prove that:

>3 *C

3. Using binomial theorem, prove that 6" — 5n always leaves remainder 1 when divided by 25.

18
4. Find the 13th term in the expansion of (9x - %) , X #0

1

23x

18
5. Find the term independent of x in the expansion of (3{/} + ) , x>0

Long Questions:
1. Find, if the ratio of the fifth term from the beginning to the fifth term from the end in the
. 4 1\".
expansion of (\/E + ﬁ) isV6: 1

2. The coefficients of three consecutive terms in the expansion of (1 + a)" areintheratio1:7
:42. Find n.

3. The second, third and fourth terms in the binomial expansion (x + a)" are 240, 720 and
1080 respectively. Find x, a and n.

4. If aand b are distinct integers, prove that a-b is a factor a" - b", of whenever n is positive.

m
5. The sum of the coeff. Of the first three terms in the expansion of (x — x—32) m being

natural no. is 559. Find the term of expansion containing x>.
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Answer Key:

MCQ:

(d) All the above
(b) -1

(b) 6

(c) not a prime

(a) (n/2 +1)™ term
(c) {(n+1) x(n+2)}/2
(b) 2

(c) 10c3

(d) None of these
(d) 64

® 0 N OO A~ WNRE

[y
e

Very Short Answer:

1. Since (2n + 1) is odd there is two middle term

ig 1n=1 C .\_4;_; =1 C "\_-;

and

2. The no. of terms in the expansion of (x + a) is one more than the index n. i.e. (n + 1).
3.

1 =5¢() (~»)
= fC‘l )Y (-1 ()

4. 3™ term form end = (6 — 3 + 2)™ term from beginning

A :'C..m.':'-:' l |
p x
= :'C'.x: ..".'—:
- 15.--
_15
x
5.

Il".\']‘: = n Cl - ". v ':Cl .\'l: o ':Cl ."-'IE *.......\'.:
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(1-2x+x%)’

= x* —2x+lv]-

=| (‘.x—lj]‘ |

=(x-1)"

No. of term is 15
8.
L,="C(x)".(3)
Put 9-7=3

r=4

T, =" ¢(x).(3)

s, C(
Coeffof X' is +°

9.

10~y 10 [ 1)
L,="C(x)" . -
T A 1 Yy'

10 r \O=r , \=r
="Clx) .(x)
10 s \10=2r
=" C(x)

put 10-27 =0

N

r=
10
Independent term is

10.

¢

(a+d) ="Ca*+" Cl'a’:'lb+ "Ca" b +.....+ " CD”

Short Answer:
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(1'01‘-_"12.C:IC = |:.>1+0.011.’1:.:xx

= C+ S ?[“0.01) +other positive term

=1+10,00000 x 0.01+other positive term
=1+10.000
=10,001

Hence [«-1.01'."1:.::x: >10,000

LM
&
(FS]

3 e

="C+ 1C 3+"C3 +....+"C3
o(1+a) =1+"Ca+"Ca*+"Cad +.....+a" |
L% 1 2 3 J

=(1+3)
=(4)"
H.P

Let6 =(1+5)

=1+ 1cs%‘g:sw C5 +....+5
=1+5n+5°( ’::C+ CS5+....+57
6’—5n=11-25|‘r'¢::+ eS8 )

- 1+25k2where k="e+ e S el

=25k+1

a2.r

The general term in the expansion of
\ 18

{ 1 \*
Ox— — |
L 3\{;/]

is
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For 13th term, » +1=13

r=12
, \I2
Py
2y "l 2 f.)
L 34x,
12
B pail 8 1Y ooas
="C(3)".x| —=1] .(x)
g/ T3 N

\12
|

138 ~in RO
¢(3)-(-1)".(3)

18

18-2r
For independent term 3
=9

0

Thereq. termis

Long Answer:

1.
’2+i‘l
: S . \ 32 )
Fifth term from the beginning in the expansion of - B is
ra="c()" (L]
L="C(2)7.(3) i)
5+2

How fifth term from the end would be equal to =37 <)in term from the beginning
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- \ =4
fap\=in9) ] )
» 4 |
T;.4-1= C‘Jz—' | 3y |
4 B,
PPN PR
= C‘t-" ) K S— lu'
TP~
C.(2)*(3) Jf6
V- = —
7 7~ - 1
C(2)(3)=
ATQ ==
2+ .}
» - =3 =|-‘6.‘|-
37+

Let three consecutive terms in the expansion of (1+4) are [;-—1]5;::;-5“" and ['r+1"_|!}'{errn

T ="ClY" Loy

Coefficients are
s 91 and ~ C respectively

R C
ATO 2=

H

-d | =

On solving eq. (1) and (i) we get n =353
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T, =240
CxTla=240... (1)

b

"Cx a’ =1080......(iif)

Divide (i) by (1) and (i) by (ii)

We get

dc:r 9
—=— _and —=
xr n—1 x 2(n-2)
S u=5

On solving we get

x=2
a=3
4.
a"=(a-b+b)"
Let \ :

a"=(b+a-b)

"Co'+"Ch 7 (a=b)+ " CH T (a=b) +"Cb™ (a=b) +...+"C(a=b)"

a"=b"+(a-b)| "Cd" + ’:Q’o’:'l (@a=b)+"Cb 7 (a=b)"+"Cd"  (a=b) +...+ "C(a-b)" |

a-b'=(a-blk

Where
"Co+ R Ch T (a-b)+.....+(a-b) " =k
HF
3 ",v' . .
. |\ X" | =3} C
5. The coeff. Of the first three termsof * * . are ¢ 'and 9 "¢

Therefore, by the given condition

"C-3"C+9™ ¢ =559

R Om(m—1)

1-3m+

N
N

9

On solving we get 7 =12
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o

T, = ::C.' (=3

- .1.- ’

“Clx)" (-3) .(x)°
=" C(x)  .(3)

12-3r=3 = r =3, reg. term is -3940 x°



